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ABSTRACT

Matrix and its determinant are two basic tools, which are important in financial, accounting, and
economic affairs. Therefore, in this paper, a simple and effective method is proposed to obtain the
determinant of fuzzy matrices. First, using arithmetic operations based on Transmission Average
(TA), the second order fuzzy determinant is calculated. Then, Sarrus rule is defined to calculate third
order fuzzy determinant. Finally, by defining minor of fuzzy matrix and ijth adjugate of the fuzzy
matrix, nth order fuzzy determinant is calculated. The effectiveness and applicability of the proposed
method are verified by solving some numerical examples.
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1. Introduction

Modeling of many problems in engineering, economic science, etc. leads to a matrix and
determinant [1-6]. Since uncertainty is involved in the data achieved from the real environment
and determining the exact value of the parameters is difficult, the output of the mathematical
models generally does not has the necessary efficiency. For this reason, it is essential to use an
appropriate tool to deal with uncertain data in optimization issues. One of the most important
tools to deal with uncertainty is fuzzy theory, which has been widely used in various issues [7-
13]. For example, Kim et al. [14] proposed determinant theory for square fuzzy matrices
involving Bully matrices using Cayley Hamilton theorem. Also, in 1994, determinant and adjoint
of a square fuzzy matrices were defined in [15]. Recently, TA-based arithmetic operation has
been proposed in [16] and Allahviranloo et al. [17] solved the fuzzy linear equations using this
method. Moreover, Dhar [18] calculated the fuzzy determinant using reference functions. In this
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paper, using TA-based arithmetic operations, a simple method is proposed to calculate the fuzzy
determinant.

The structure of the paper is as follows. In Section 2, some necessary basic definitions based on
TA are presented. In Section 3, the proposed method for calculation of the fuzzy determinant is
introduced. Numerical examples are presented in Section 4 and conclusion and future works are
presented in Section 5.

2. Basic Definitions

In this section, some basic definitions which are required in the following are defined. These
notations can be found in [19-23].

Definition 1. Let A be a fuzzy setin R (A = {(x, pa(x))|x € R} ). Then

= Ais called normal if there exists an x € Rsuch that uz(x) = 1. Otherwise, A is subnormal,
= The support of A, denoted supp(A), is the subset of R whose elements all have nonzero membership
grades in A. In the other words, supp(A) = {x € R|u,(x) > 0}.
= An a-level set (or « —cut) of a fuzzy set A in R is a non-fuzzy set denoted by A, and defined by
{x€eRluzx) >0} a>0,
«= {cl(supp &) a=0.
Where cl(supp(A)) denotes the closure of the support of A.

Definition 2. Let A be a Normal, Convex and Continuous (NCC) fuzzy set on the universal set

U. Then,
1

ac (A) = E{min (core(K)) + max (core(K))} )

Definition 3. A fuzzy number A is called a pseudo-triangular fuzzy number if its membership
function uz(x) is given by

Izx) a<x<a,
() ={rz(x) a<x<a,
0 otherwise .
where 1;(x) and rz(x) are non-decreasing and non-increasing functions, respectively. The pseudo-
triangular fuzzy number A is denoted by the quintuplet A = (g, a,a, IA(X),I‘A(X)) and the triangular
fuzzy number by & = (a,a,3, —, -).

Definition 4. A fuzzy number A is called a pseudo-trapezoidal fuzzy number if its membership
function pz(x) is given by

Zx) a<x<a,
1 a; <x<a,,
rz(x) a;<x<a,
0 otherwise.

nx(x) =
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Where 1;(x) and rz(x) are non-decreasing and non-increasing functions, respectively. The pseudo-
trapezoidal fuzzy number A is denoted by the Senary Kz(g,al,az,ﬁ,lg(x),rg(x)) and the
trapezoidal fuzzy number by the SenaryA = (a,a;,a,,3,—,—).

Definition 5. Consider two pseudo-triangular fuzzy numbers
A=(2231x(),2), B=(bbbl(),r5()

with the following a-cut forms

(K+§)a=[a;b_'_<éa‘£5a)’3;b+(za;§a>]‘ 1)
A-B=u,(A-B)
-8 a—3b (A +By\ a—3b (A, +B, @)
(-8), =[50 (Rep ey 220 (BB
AB=u, (AB)
:(g)A“J’(%)Ea'(g)KaJr(g)ﬁa a=>0b=>0
(AB) = :(g)K“J’(;)Ew(g)éﬁ(%ﬁa:. a=20b<o, 3)
A+ Q5 (Dan+ Qe aszon=o
:(g)é”(%ﬁw(g)xﬁ(%)& a<0,b>0

K=y, (A7), (A7), = [aizéa_lzx] @)

L L G LA
171\ — a 1 a N\ —
sy [5G )8+ G 2z o< ©
A e Gnd. azon<e
'(L)A + ()8 (i)z +(2)s a<0b>0
[\2b/ =« " \2p2/ " \2p) "« T \2 ) = - '

Definition 6. Consider two pseudo-trapezoidal fuzzy numbers:

A=(2,2,2,31509,73(0), B = (bby,by,b1509,15(9),
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with the following a-cut forms:

A=U,Aq Ay = [éwza]'
0<ac<l, A = [ay,a,],
E =UOL BO( BOL = [Ea;Ea]!
0S0(S1 Blz[bl,bz].
Let
a; +a, by +b;

In the following, the fuzzy arithmetic operations are defined based on TA.

A+B=u,(A+B),

- + A, + B\ ¢+ A, + B, 6
(A+B)a=[¢2<p+(_ 2_)'¢2<p+< ! )] (6)

A-B=u,(A-B),

(K_'E)a=[¢_23(P+<éa‘2|'5a),¢_23@+(za;§a>:|‘ M
AB=u, (AB)
(@2 + Q)o@ (@)5). 42000
_— (DA () (Dac+(G)5]. ez0050 ©
N8 G @as Q] ozo0ss
©a+ O @+ (B)a] s=0020
A =u (8, (6, =|(5)8 (5) A ©
AB =y, (AB),
;(ﬁ) At (50) o (50) B+ (500) E . $200>0
oy GG Ga G ezieca g
« "/ 1\~ d\= /1 d N\
(75) e+ (5g7) e (5g) 80+ (5g) B @ =00 <0
()as () )i+ ()], w=ve

3. Proposed Method

Definition 7. If all elements of a matrix are fuzzy numbers, the matrix is called fuzzy matrix.
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Definition 8. Determinant of a 2 x 2 fuzzy matrix as A = [2“212] is shown by |A| and is defined
21922

as follow:
(|K|)a = (A10)e (@22)0) — (A1)« @20) ) |K| =Uq (|K|)a (]_]_)

Definition 9. (Sarrus rules for calculating determinant of a 3 x3 fuzzy matrix) Consider

11
2
3

3
matrixa =

O QO A

an A Q

1251
1 22523]. To obtain the determinant, first () is achieved:
1 32533
(|Z|)a = (((A11)o (A22) o (@33)a) + ((E12)a- (823)a- (d31)0) +
+(( éi13)01- ( 521)0(- (532)0() - ((( 513)(1- ( 522)0(- ( 531)0() (12)

+(( éi11)0(- ( 523)0(- ( 532)0() + (( 512)0(- (521)0(- (533)0())-

511512 en aln
Definition 10. Let & = |#21%22, @20 | jjth minor of fuzzy matrix is denoted by ; and is a

dp1dp2 .- dApn

matrix cut down from A by removing its ith row and jth column.

2’311512 511’1
Definition 11. Consider& = [*21%22, = @20 | 'jjth adjutant of the fuzzy matrix is shown by &,
Apidnz o Apn

and is defined as follow:
(&), = CDI(|My]) Ay = (Ay), -

In the following, the expansion method is explained that can be used for calculating determinant
of n x n fuzzy matrices.

?116312 Czln
Definition 12. Consider fuzzy matrix 4 = | 2122, % | The determinant of thematrix can be
dnldnz dnn
evaluated by expanding each row or column of the matrix. For example, by expanding with
respect to the first row:

(|K|)a=(511)a(K11)a+(512)a(glz)a+-‘"+(51n)a(x1n)a ,

_ — 3
[&=U, (A, . 13)

4. Numerical Examples

In this section, the performance of the proposed method is shown through some numerical
examples.

Example 1. Consider the following matrix:
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1 1 1
(0,4,6,ZX, (1 - Z (X - 4)2)5) (_3, _2; _1; ) _) (1:2’7’ ™ _)

A (34,5, —, ) A24--)  (6811,——) |
(1,2,3,—,-) 1,2,3,-,-) (3,4,5,—,-)

there is:

[4a,4 +4— 4a2] [-3+a,-1—a] [1+a7—5a]

MDa =|[3+a,5-a] [14+a4—2a] [6+2a11-3ca]|’

[1+a,3—al [1+a,3—al [3+a,5—a]

From Eq. (12):
[ 297 105 85 VI—o 107
=% 557 59

Therefore

R R I |

297 105 85 V1-—a? 107]

Example 2. Consider the following matrix:

(~412--) (567,--) (124,(1— -2~ x-2??)
Tlw23,--) (667,—-) (1,23,-,-) ,
(—41,2,—,-) (457,—-) (=7,23,-,-)

from Eq. (13) the following is achieved:
(|K|)a = @10)aB1)a + @12)a(Ai2)a + @E13)a(Bi3)a =
=[—12—3+;O(—E 1—a2£—§a \/1—0(2]
3 3 2 18 77 61
[—Z\/l—az,z\/l—az]+[—§+Ea,?—g =

—_— - - — 2
16 2 1—o2+ a, \/1 oc]

16 '16

Therefore

- 60 1 28 29 61
|A|=Ua[—R—E\/1—a2 6% w/1—0(2].

16 16"

5. Conclusion

Since determinant is a key tool in calculating the matrix properties, in this paper, Sarrus rules
was investigated to calculate the determinant of 3 x 3 fuzzy matrices. Moreover, the expansion
method was explained to generally calculate the determinant using TA-based arithmetic
operations. The advantage of the proposed method is that the determinant of a fuzzy matrix is
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always a fuzzy number. The superiority of the proposed method with respect to the method in
[7] is that in the aforementioned paper, the determinant is calculated for matrices whose elements
belong to [0,1]. However, in the present paper, the determinant is achieved for matrices with
semi-trapezoidal and semi-triangular elements. In the next paper, the fuzzy equation set is going
to be solved using fuzzy determinant.
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