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A B S T R A C T 

In this paper, a solution procedure is proposed to solve Fully Fuzzy Linear Fractional Programming 

(FFLFP) problem where all the variables and parameters are triangular fuzzy numbers. Here, FFLFP 

problem transformed into an equivalent Multi- Objective Linear Fractional Programming (MOLFP) 

problem. Then MOLFP converted into an equivalent multi objective linear programming problem by 

using Mathematical programming approach. The proposed solution illustrated through numerical 

examples and compared with existing methods. 
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1. Introduction 

Nowadays, the problem of linear fractional programming has significant application in different 

real life areas such as production planning, financial sector, health care, and all engineering field. 

In the practical applications, a model involves many parameters whose values are given by 

experts. However, both experts and decision makers frequently do not know the value of those 

parameters. To handle this type of situations, one may use the fuzzy numbers in the place of the 

crisp numbers. Thus, the crisp linear fractional programming problem becomes a fuzzy linear 

fractional programming (FLFP) problem or fully fuzzy linear fractional programming (FFLFP) 

problem. Hence, FFLFP is an interesting research area in the recent years. In this paper, we 

consider the fully fuzzy linear fractional programming (FFLFP) problem.  

The concept of fuzzy set and fuzzy number were first introduced by Zadeh [11]. Buckley and 

Feuring [1] considered the fully fuzzy linear programming (FFLP) problem by establishing all 

the coefficients and variables of a linear program as being fuzzy quantities. Sapan das [20] 
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proposed a method for single stage single constraints linear fractional programming problem by 

using transforming method. In recently, Pop and Stancu-Minasian [5] proposed a method for 

solving fully fuzzified linear fractional programming problems where all the parameters and 

variables are triangular fuzzy numbers. Stnojevic and Stancu-Minasian [9] consider the same 

problem of [8] for solving fully fuzzy linear fractional programming problem. Recently, 

Veeramani and Sumathi [16] proposed solution procedure for solving fuzzy linear fractional 

programming problem by using fuzzy mathematical programming approach. Sapan Das et al. 

[24-27] have proposed so many methods for solving fuzzy linear fractional programming 

problem by using various methods. Hatami and Kazemipoor [28] have solved fuzzy linear 

fractional programming problem by using Big-M method. Saberi Najafi and Edalatpanah [30] 

have proposed method for solving linear programming problems by using Homotopy 

perturbation method. Saberi Najafi et al. [31] have proposed method a nonlinear model for fully 

fuzzy linear programming with fully unrestricted variables and parameters. Hosseinzadeh and 

Edalatpanah [32] have proposed a method for solving fully fuzzy linear programming by using 

the lexicography method. 

In this paper, we consider the fully fuzzy linear fractional programming problem. First, the 

FFLFP problem transform into a fuzzy linear fractional programming (FLFP) problem with three 

crisp objective functions. Then the FLFP problem will be converted into a multi-objective linear 

fractional programming (MOLFP) problem. We also prove that this solution can be considered 

as an exact solution of FFLFP problem. Finally, we show the advantages of the proposed method 

over the existing methods [8-10], numerical example are solved and compared our results with 

them. 

This paper is organized as follows: some basic definitions and notations are present in Section 

2. In Section 3, we discuss the LFP problem. In Section 4, we present our proposed method. A 

real life example is provided to validate the proposed method in Section 5. Finally, the conclusion 

is given in Section 6. 

2. Preliminaries 

We have presented some basics concept of fuzzy triangular number, which was very useful in 

this paper.  

Definition 2.1: Let X denotes a universal set. Then a fuzzy subset 
~

A  of X is defined by its 

membership function ];1,0[:~ X
A

 which assigned a real number )(~ X
A

  in the interval [0, 

1], to each element Xx , where the values of )(~ X
A

 at x shows the grade of membership of x 

in A
~

. A fuzzy subset A
~

 can be characterized as a set of ordered pairs of element x and grade

)(~ X
A

  and is often written XxxxA
A

 :))(,(
~

~  is called a fuzzy set. 
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Definition 2.2: A fuzzy number ),,(
~

acbA   is said to be a triangular fuzzy number if its 

membership function is given by: 
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Definition 2.3: Two triangular fuzzy number ),,(
~

acbA  and ),,(
~

dfeB   are said to be equal 

if and only if dafceb  ,, . 

Definition 2.4: A ranking is a function RRFR )(:  where F(R) is a set of fuzzy number 

defined on set of real numbers, which maps each fuzzy number into the real line, where a 

natural order exists. Let ),,(
~

acbA  is a triangular fuzzy number then
4

2
)

~
(

acb
A


 . 

Definition 2.5: Let ),,(
~

acbA  , ),,(
~

dfeB   be two triangular fuzzy numbers then: 

),,,(),,(),,(
~~

dafcebdfeacbBA 

 

(2) 

),,,(),,(),,(
~~

eafcdbdfeacbBA   
(3) 

If ),,(
~

acbA   be any triangular fuzzy number and ),,(
~

dfeB   be a non-negative triangular 

fuzzy number then: 

















,0),,(

,0,0),,(

,0),,(
~~~~

cifcdcfbd

abifadcfbd

bifadcfbe

BABA  

(4) 

Definition 2.6: Let ),,(
~

acbA  , ),,(
~

dfeB   be two triangular fuzzy numbers. We say that A
~

 

is relatively less than B
~

, if and only if: 

i. eb  or 

ii. eb   and )()( fecb   or 

iii. )()(, fecbeb  , and )()( edba  . 

Note: It is clear from the definition 2.7 that )()(, fecbeb  and )()( edba  if and only 

if BA
~~

 . 
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3. Linear Fractional Programming 

The general form of LFP may be written as: 

Max
)(

)(

zG

zF

rzd

qzc
t

t





 

 

s.t: 
0

,





z

bAz
 

(5) 

Where,  
ntt Rdcz ,,  , RRA nm   ,, .  

For some values of z, G (z) may be equal to zero. To avoid such cases, one requires that either:  

}0)(,,0{  zGbAzz , or }0)(,,0{  zGbAzz   

For satisfaction, we assume that (1) satisfies the condition that: 

}0)(,,0{  zGbAzz  (6) 

Theorem 3.1 [11]: Assume that no point (x, 0) with 0x  is feasible for the following linear 

programming (LP) problem: 

Max qtxct    

s.t:  

,1 rtxd t
 (7) 

,0btAx   

.0,0  xt   

 

Now assume that the Eq. (6) then the LFP (1) us equivalent into linear programming problem 

(7). 

4. Fully Fuzzy Linear Fractional Programming Problem 

Linear fractional programming problem is evidently an uncertain optimization problem due to 

its variations in the maximum daily requirements. So the amount of each product of ingredient 

will be uncertain. Hence, we will model the fully fuzzy linear fractional programming problem 

where all the variables and all the parameters are triangular fuzzy numbers to avoid uncertain. 

Let us consider a general format of fully fuzzy linear fractional programming problem as follows: 

Max 
rxd

qxc
Z

t

t

~~~

~~~~




  

 

s.t: (8) 

bxA
~~~

   

.0~ x   
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Consider the Eq. (4) and let
* ( *, *, *)x x y z  be an optimal solution of this FFLFP. Furthermore, 

let all the parameters x , c , q~ , d , r~ ,b and z are represented by triangular fuzzy numbers 

( , , )x y z , ( , , ),p q r 1 2 3 1 2 3 1 2 3( , , ),( , , ),( , , ),( , , )u v w b b b      and 1 2 3( , , )z z z respectively. Then 

we can rewrite the mentioned FFLFP as follows: 

Max 1 2 3( , , )z z z = 1 2 3

1 2 3

( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )

t

t

p q r x y z

u v w x y z

  

  

 

 
 

 

s.t: (9) 

1 2 3( , , ) ( , , ) ( , , )b c a x y z b b b    

( , , ) 0.x y z    

  

The proposed approach for solving FFLFPP can be summarized as follows: 

Step 1: The above problem is converted into MOLFP problem as follows: 

Max 1 2 3( , , )z z z = 




















2

3

3
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1
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t

t

t

t

t

t

 

 

s.t:  

,1bxb 
 

(10) 

,2byc 
 

 

,3bza   
 

( , , ) 0.x y z    
     

Step 2: With respect to definition 2.2 and 2.3 the problem in Step 1, can be rewritten as: 

Max )(),(),(( 321   zryqxp ttt   

s.t:  

,01  bxb   

,02  byc   

,03  bza  (11) 

,1)( 2  yvt
  

,1)( 1  xu t
  

,1)( 3  zwt   

( , , ) 0.x y z    

Step 3: Regarding the definition (2.6) the problem in Step 2 is converted to the MOLP problem 

with three crisp objective functions and the constraints are changed as follows: 

 



207                A MOLFP method for solving linear fractional programming under fuzzy environment 

Max )( 1xp t   

Max )()( 21   yqxp tt
  

Max )()( 31   zrxp tt   

s.t:  

,01  bxb   

,0)( 21  bycbxb  (12) 

,0)( 31  bzabxb   

,1)( 1  txu t    

,0)()( 21  tyvtxu tt    

,2)()( 31  tywtxu tt    

( , , ) 0.x y z    

Step 4: Solving the problem in Step 3 by LINGO software, we get the solution. 

5. Numerical Example 

In Jamshedpur City, India, A Wooden company is the producer of two kinds of products A and 

B with profit around (5, 1, 3) and around (4, 1, 6) dollar per unit, respectively. However the cost 

for each one unit of the above products is around (4, 6, 5) and around (6, 3, 9) dollars respectively. 

It is assume that a fixed cost of around (1, 2, 6) dollar is added to the cost function due to expected 

duration through the process of production. Suppose the raw material needed for manufacturing 

product A and B is about (3, 2, 1) units per pound and about (6, 4, 1) units per dollar respectively, 

the supply for this raw material is restricted to about (13, 5, 2) dollar. Man-hours per unit for the 

product A is about (4, 1, 2) hour and product B is about (6, 5, 4) hour per unit for manufacturing 

but total Man-hour available is about (6, 3, 9) hour daily. Determine how many products A and 

B should be manufactured in order to maximize the total profit. 

This real life problem can be formulated to the following FLFP problem: 

Max 
)6,2,1(),,)(9,3,6(),,)(5,6,4(

),,)(6,1,4(),,)(3,1,5(

222111

222111





zyxzyx

zyxzyx
 

 

s.t:  

)2,5,13(),,)(1,4,6(),,)(1,2,3( 222111  zyxzyx  (13) 

)9,3,6(),,)(4,5,6(),,)(2,1,4( 222111  zyxzyx   

.0),,(),,,( 222111 zyxzyx   

 

The problem (13) is converted into the MOLFP problem as follows: 

Max 




















695
,

236
,

164

45

21

21

21

21

21

21

yy

yy

yy

yy

xx

xx
 

 

s.t:  
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,1363 21  xx   

,542 21  yy   

,221  zz  (14) 

,664 21  xx   

,35 21  yy   

,942 21  zz   

.0,,,,, 212121 zzyyxx   

The problem (14) is transformed into an equivalent multi objective linear programming problem 

as follows: 

Max 1Z 21 45 yy    

Max 212 zzZ    

Max 213 63 xxZ    

s.t:  

,164 21  tyy   

,1236 21  tzz   

,1695 21  txx  (15) 

,01363 21  tyy   

,0542 21  tzz   

,0221  txx   

,0664 21  tyy   

,035 21  tzz   

,0942 21  txx   

.0,,,,, 212121 zzyyxx   

The problem (15) can be written as follows: 

Max 1Z 21 45 yy    

Max 2Z 2121 45 zzyy    

Max 3Z 2121 6345 zzyy    

s.t:   

,164 21  tyy   

 tyy 21 64 ,0236 21  tzz  (16) 

 tyy 21 64 ,2695 21  txx   

,01363 21  tyy   

 tyy 1363 21 ,0542 21  tzz   
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 tyy 1363 21 ,0221  txx   

,0664 21  tyy   

 tyy 664 21 ,035 21  tzz   

 tyy 664 21 .0942 21  txx   

Solving the problem (16) we get y1=0.214, y2=0, x1=0, x2=0.016, z1=0.067, z2=0.102, t=0.142 

Hence the solution of the problem (13) is Z1=1.07, Z2=0.169, Z3=0.09. 

 

Figure 1. Membership function of the proposed method vs existing methods [8-10]. 

Example 5.2 [8, 24]. Let us consider the following linear fractional program as follows: 

Max 
2

1

21

21






xx

xx
z  

 

s.t:  

,221  xx  (17) 

,121  xx   

.0, 21 xx   

The optimal solution of the problem is x1=1, x2=0 and the optimal value of z is 2/3=0.66667. 

We attach now to this problem a fully fuzzified problem. Thus, the fully fuzzy linear 

fractional programming problem which we want to solve is as follows: 

Max 
)3,2,1(~)2,1,0(~)2,1,0(

)2,1,0(~)0,1,2(~)2,1,0(

21

221






xx

xx
z  

 

s.t:  

),3,2,1(~)3,2,1(~)3,2,1( 21  xx  (18) 
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),2,1,0(~)0,1,2(~)2,1,0( 21  xx   

.0~,~
21 xx   

Now the problem is as follows: 

Max 
)3,2,1())(,)(,)(()2,1,0())(,)(,)(()2,1,0(

)2,1,0())(,)(,)(()0,1,2())(,)(,)(()2,1,0(

222111

222111




rqprqp

rqprqp

xxxxxx

xxxxxx
 

 

s.t:  

),3,2,1())(,)(,)(()2,1,0())(,)(,)(()2,1,0( 222111  rqprqp xxxxxx  (19) 

),2,1,0())(,)(,)(()0,1,2())(,)(,)(()2,1,0( 222111  rqprqp xxxxxx   

,)(,)(,)( 111

rqp xxx rqp xxx )(,)(,)( 222 .0   

According to Step 2 and Step 3, we get the following multiple objective linear programming 

problem: 

Max )2)(2,)()(,)(2( 312212 tytyyy rqqp    

s.t:  

,03 3  t   

,02)()( 221  tyy qq
  

,0)(2)(2 121  tyy rr
  

,02)(2 32  ty r  (20) 

,0)()( 221  tyy qq
  

,0)(2 1 ry   

,11 t   

,12)()( 221  tyy qq
  

,13)(2)(2 321  tyy rr   

.0,,,0)(,0)()(,0)()( 321  tttyyyyy pqrpq   

Using steps 3-5 and Step 6, the optimal solution of the problem is: 


 ),0,0,0())(,)(,)((~~

),2.0,2.0,0())(,)(,)((~~

*

2

*

2

*

2

*

2

*

*

1

*

1

*

1

*

1

*





rqp

rqp

yyyyy

yyyyy
 

(21) 

 )2.0,2.0,1.0(),,( 321
*  tttt   

Then the solution of the problem is: 


 ),0,0,0())(,)(,)((~~

),1,1,0())(,)(,)((~~

*

2

*

2

*

2

*

2

*

*

1

*

1

*

1

*

1

*





rqp

rqp

xxxxx

xxxxx
 

(22) 
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The triangular fuzzy number )4,66667.0,0(~* z . 

The obtained result is exactly the optimal value of the problem which start with the original 

problem. 

By comparing proposed method results with existing method [8-10, 24], based on Definition 

2.7, we conclude that our result is more efficient than other existing method. 

0=(z1
*)proposed method[24]=(z1

*) method of [8 ]>(z1
*)method of [9,10 ]=-0.21 

0.66667=(z1
*+z2

*)proposed method [24] =(z1
*+z2

*)method of [8]=0.66667 >(z1
*+z2

*)method of [9,10 ]=0.55 

(0, 0.66667, 4)=(z*)proposed method [24] >(z*)method of [8 ]=(-0.21, 0.66667, 5.822)>(z1
*)method of [9,10 ]=(0, 

0.55, 1.09). 

6. Conclusions 

In the past few years, a growing interest has been shown in Fuzzy linear fractional programming 

problem and currently there are several methods for solving FFLFP problems with non-negativity 

restrictions. By using proposed method the FFLFP problem may be transformed into its 

equivalent three crisp linear fractional programming problems. To show the efficiency of our 

proposed method a practical problem has been illustrated. 
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