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Integration model

1. Introduction

Data Envelopment Analysis (DEA) is a nonparamatigthod for measuring the efficiency
of the decision making units (DMU) which was fiistroduced by Charnes, Cooper and
Rhodes in (1978) [1] as the CCR model and then B@&fdel was introduced by Banker,
Charnes and Cooper [2] to the realm of operati@search and management science.
Theoretically, The main assumption in all DEA madelas that all input and output values
are positive, but practically, we encounter margesahat violate this term and we ultimately
have negative inputs and outputs. Among the praposethods of dealing with negative
data, the following models could be provided. Seifand Zhu [3], considered a positive and
very small value of negative output. Another methwas proposed by Halme et al.[4],
offering the measurement theory and deferencealé s@riables and the fraction in order to
explain the reason for negative observations aislo represented a reliable method for
assessing interval scale units .The other methadhwit pervasive is called RDM introduced
by Portela et al.[5]. Modified slack-based measuopglel, called MSBM was represented by
Sharp et al.[6].However, the latest method of belrawith negative data was provided by
Emrouznejad et al.[7, 8], which is based on SORMieh@nd considered some variables
which are both negative and positive for DMUs. Thisdel by using available variable
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changes was not considered as a reliable methatse@Qaently, radial methods of DEA were
modified for the evaluation of the efficiency ofitsnby negative data. Data Envelopment
Analysis (DEA) with integer and negative inputs aaodtputs has been proposed by
Jahanshahloo and piri [9]. Also, Super-efficiennyDEA by effectiveness of each unit in
society has been extended by Noura et al. [10]thla paper, we propose a ranking
methodology for DMUs with negative and positive utg and outputs. This paper is
organized as follows. In section 2 we calculatecieficy of decision making units with

negative and positive input and output. In secBorwe offer a new method for ranking
decision making units with negative and positivpuinand output. Numerical example is
provided in section 4 and the paper concludesdtises.

2. Efficiency of decision making unitswith negative and positive input and output

One of the key concerns when we have a variablet#tkas positive values for some and
negative values for other DMUs is that its absoltgkie should rise or fall for the DMU to

improve its performance depending on whether theUDbbncerned has a positive or
negative value on that variable. For example inctme of an output variable, if the DMU has
a positive value the output should rise to imprawgher but it should fall in absolute value
so long as it continues to be negative. To overctimseproblem we shall treat each variable
that has positive values for some and negativeofioer DMUs as consisting of the sum of
two variables as follows. Let us assume we have MUB (DMU; j=1,..,n) each

associated with m input¥; = (xyj, ..., Xpj) and s outputsy; = (yyj, ..., ¥sj)- Also, let

I={ie{l,..m}:x; =20, j=1,..,n}

L={1e{l,..,m}:3j €{1,..,n};for whichx; <0}

R={re{l,..,s}:y4y 20, j=1,..,n}

K={ke{l,..,s}:3j €{1,..n};for which y,; <0}

IUL={1,..,m}, RUK={1,..,s}InL=0¢ , RNK=0 (1)

That is, the set of index of inputs with nonnegat#alues is indicated by | while L denotes
the set of index of inputs which have negative gatuat least one DMU. Similarly, R is the
set of index of the outputs with nonnegative valales K is the set of index of outputs which
have a negative value in at least one observdtieinus take an output variablg, which is
positive for some DMUs and negative for others. ustdefine two variableg; and y
which for the j-th DMU take valueg; and yj; such that

1 yk]' if yk]' =0
v keK WV‘{O if yi < 0
2 _ J

Note that we have
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Yij = yij — yﬁj for eachk € KWhereyﬁl- >0 ,yij >0,j=1,..,n).
Similarly, we define two variablesx andx{ which for the jth DMU take values; and x
such that

1 le le1]20

viel Xli_{o if x;; < 0
leL 2 0 ilejZO 3
vVI9e le a —le if le <0 ( )

We havex;; = xj; —x{ for eachl € L wherex{ >0,x{ 20,(=1,..,n).

Model (4) represents the general case for an iopahted VRS DEA model which has both
inputs and outputs which take positive values tine DMUs and negative for others.

Min 0
s.t =1 A X < 0xp i el
L xg < 0xj, leL
LA xi = (2 6) xf, 1 €L
=1 A Y = Yip reR
=14 Yig 2 Yie keK
=14 Yig < Vi keK
moA=1 (4)
7&1-20 j=1,..,n

Based on this optimal solution, we define a DMWamg SORM-Efficient as follows.
Definition 1: (SORM-Efficient). A DMU(x,, yp) is SORM-Efficient, if6* = 1. |

3. Ranking decision making units with negative and positive input and output

In this section we provide a new method for rankingUs with negative and positive input
and output. We will deal with n DMUs with the inpaiid output matriceX = (x;;) € R™*"

andY = (y,;) € R®*" respectively.After specifying SORM-efficient DMUy using model
(4), we'll rank them . At first, we divide the ingsuand outputs into two groups, as follows:
D ={xjlie{l,..,m}:x; =20,j=1,..,n}

Di={x;l€{l,..,m}:3j €{1,..,n};forwhichx; <0}

D, ={yqlre{l,..,s}:yy 20, j=1,..,n}

Dy ={yl k€{l,..,s}:3j €{1,..n};for which y;; < O0}. (5

1.We choose upper and lower limits for each inpud autput among efficient DMUs as
follows: E = {j|6] = 1}

U __
" . ) X = maX]-GE |X1]'| leL
{xi = MiNjeg Xjj i€l

X = minjcg X leL
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{Yf;u = maX]-GE yk] keK

{yi" = maxjeg yy TrER q_
: yx = minjeg |yl K€K

(6)

2. In this step, the inputs and outputs — regartbrdgefinition of set®; ,D;, D, Dy
-are as follows:
%5 =x' vi(ieDy,
vI(l € D)) if input of DMU is positive then % = x;!
VI(1 € Dy) if input of DMU is negetive then X; = x;"
Ve =yr" vr(reD,)
vk(k € Dy) if output of DMU is positive then y = y;"
vk(k € Dy)if output of DMU is negetive then Vi = y;!
3. In this step, we definel , dy;,d,;, dy; ) for each(DMU; S. t. jeE)as follows:

: X
Vi € Di dl] = ;
vI(1 € D)) if input of DMU is positive then dy; = :i

1j

x5

1

vI(l € D)) if input of DMU is negetive then dj; =

VI'EDI- dr-]_E

NG

V k(k € Dy) if output of DMU is positive then dy; = ?
k

Vk(k € Dy) if output of DMU is negetive then dy; = Ij_kl
Kj

This makes both inputs and outputs dimensionlesicé] the amount of these fractions are
less than or equal one. Now, we have the folloviamgula for ranking of these DMUSs.

Rj = Yiar O + XieL dj + 2reryj + Xkex g

D;uD; ={1,..,m}, D,UD, ={1,...,s} @)

It is possible to rank efficient DMUs with highgy.

In the next section, we apply the proposed metbaghtexample to determine rank efficient
units.

3. A numerical example

Suppose that there are 10 DMUs with two inputstammoutputs shown in Table (1), second
input and second output is a positive value fores@ihDMUs and a negative value for some.
So, we have I1={1} , L={1}, R={1} and K={1}.
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Table 1. 10 DMUs with two inputs and two outputs

Inll InL1 OutR1 Outk1 Efficiency
DMU1 2 -1 2 -3 1
DMU2 3 2 4 -2 0.746
DMU3 4 -2 1 2 0.857
DM U4 3 3 2 -6 0.50
DM U5 5 -3 3 2 1
DM U6 2 4 5 -3 0.810
DM U7 6 2 4 -1 0.478
DMUS8 3 1 1 3 1
DM U9 4 -4 3 1 1
DMU10 3 3 4 -2 0.848

Since DMU1, DMU5, DMUS8, DMU9 are efficient, in ordéo select the best alternative
among them we rank by the proposed method. Hhe{ DMU1,DMU5 , DMUS ,
DMU9}.

X[ = maxjeg |xj|=4 1€L
] . _ .
{xi = Minjeg Xj; = 2 1€l i .
X = mlnl-eE le =1 leL
. Vi = MaXjeg Ykj = 3 k €K
{yr“ = maxje Yy =3 TER { R _ "
Yk = minjeg |yl =3 € K
Di = {Xl}, Dl = {XZ}, Dr = {yl}: Dk = {y2}
Table 2. The results by new method
DMU DMU1 DMU5 DMUS8 DMU9
R 2.916 2.816 2.999 2.833 |
Rank 2 4 1 3

Table (2) contains the results by new method, biclwvithe rank of each DMU has been
determined. DMUS8 has highest rating and DMU4 haddlvest rating.

5. Conclusion

The standard DEA model cannot be used for efiicy assessment of decision making
units with negative data. The additive model, wddle DEA, range directional measures
(RDM) and modified slack-based model (MSBM) coulel lsed for this case with some
limitations. For example the additive model does gige an efficiency measure. The main
drawback of the RDM model is that it cannot guaganprojections on the Pareto efficient
frontier, as happens with the classical radial DiE8del. The semi-oriented radial measure
(SORM) overcomes some of the foregoing difficultilest not all. The SORM model can be
used in cases where some DMUs have positive anetsotiegative values on a variable.
Further, it can be used for DMUs with negative in@od negative output at the same time. In
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this paper, we calculate efficiency of decision mgkunits with negative and positive input
and output. Then we presented a new methodologwafing efficient DMUS.
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