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ABSTRACT

In this paper, we introduce a new family of continuous distributions based on [0, 1] Truncated
Fréchet distribution. [0, 1] Truncated Fréchet Weibull ([0, 1]TFW) and [0, 1] Truncated Fréchet ([0,
1] TFF) distributions are discussed as special cases. The cumulative distribution function, the rth
moment, the mean, the variance, the skewness, the kurtosis, the mode, the median, the characteristic
function, the reliability function and the hazard rate function are obtained for the distributions under
consideration. It is well known that an item fails when a stress to which it is subjected exceeds the
corresponding strength. In this sense, strength can be viewed as “resistance to failure.” Good design
practice is such that the strength is always greater than the expected stress. The safety factor can be
defined in terms of strength and stress as strength/stress. So, the [0, 1] TFW strength-stress and the
[0, 1] TFF strength-stress models with different parameters will be derived here. The Shannon
entropy and Relative entropy will be derived also.
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1. Introduction

Probability distribution analysis of lifetime data is an important topic in reliability, biomedical,
finance, social sciences and others. Lately, efforts have been made to derive new classes of
statistical distributions that expand famed families of distributions and then get major pliancy in
modeling data in practical applications. Therefore, by appending new parameters to a deriving
distribution we obtain classes of more flexible distributions. Here, we propose a distribution with
the hope it will attract wider applicability in other fields. The generalization, which is motivated
by the work of Eugene et al., will be our guide. Eugene et al. [2] defined the beta G distribution

from a quite arbitrary Cumulative Distribution Function (CDF), G(x) by

G(x) 1
PO = (1/p@b) [ we (= w) ™ dw, @
0
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where a> 0 and b > 0 are two additional parameters whose role are to introduce skewness and to
vary tail weight, and B(a,b) = folw“‘l (1-w)?~1 dw is the beta function. The class of
distributions (1) has an increased attention after the works by Eugene et al. and Jones [2, 5].
Application of X =G~1(V) to the random variable V following a beta distribution with
parameters a and b, V ~ B (a, b) say, and yields X with CDF (1). Eugene et al. [2] defined the
Beta Normal (BN) distribution by taking G(x) to be the CDF of the normal distribution and
derived some of its first moments. General expressions for the moments of the BN distribution
were derived [4]. An extensive review of scientific literature on this subject is available in Abid
and Hassan [1]. We can write (1) as
F(x) = Igw(a, b), (2)

where 1, (a,b) = (1/B(a,b) foyw“‘l (1 —w)?~1 dw denotes the incomplete beta function ratio,
i.e. the CDF of the beta distribution with parameters a and b. For general a and b, we can express
(2) in terms of the well-known hypergeometric function defined by,

oF (o, B,y;x) = X2 o(a()y‘)([f.)l x',

where (a); = a(a + 1) ... (e + i — 1) denotes the ascending factorial. We obtain

F(x) =

G(x)®
a B(a,b)

2F(a,1—b,a+ 1;G(x)).

Based on the properties of the CDF, F(x) for any beta G distribution defined from a parent G(x)
in (1), could, in principle, follow the properties of the hypergeometric function, which are well
established in the literature (See Section 9.1 of Gradshteyn and Ryzhik [3]). The Probability
Density Function (PDF) corresponding to (1) can be written in the form

FO) = gy 6@ (1 6)" g, ©
where g(x) = dG(x)/dx is the PDF of the parent distribution.
Now, the PDF and CDF of [0, 1] truncated Fréchet distribution are respectively
h(x) = ea_b x~(0+D) g-ax™ 0<x<1, “)
-b (%)

1
H(X) = eTa e
Graphs for some arbitrary parameters values of PDF and CDF are shown in Figure (1) and Figure
(2), respectively
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Figure 1. PDF of [0, 1] truncated Fréchet distribution.
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Figure 2. CDF of [0, 1] truncated Fréchet distribution.

Now, Given two absolutely continuous CDFs , H and G, so that H and G are their corresponding
PDFs. We suggest a new distribution F by composing H with G, so that F(x) = H(G(x)) is a
CDF:

G(x)
ab
F(x) — — t—(b+1) —at™b dt
e (6)
— e—at‘b] — —-aG(x)™P
e 4 0 e ¢
with PDF:
F) e—aG(x)_b @)
fx) = EP Fx) = P ——
ab -b —(b+1)
= — e @7 (6@) T g0,

By considering G (x) as a baseline distribution, we define a generalized class of distributions in
(6) and (7). We will name it the [0, 1] truncated Fréchet -G distribution. In the following two
sections, we will assume that G are Weibull and Fréchet distributions, respectively.
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2. [0, 1] Truncated Fréchet-Weibull Distribution

Assume that g(x) = k/A (x/2)* Exp{—(x/D)*}and G (x) = 1 — Exp{—(x/2)*} (0 < x) are PDF
and CDF of Weibull random variable, respectively. Then, by applying (6) and (7), we get the
CDF and PDF [0, 1] TFW random variable as follows:
-b
1 () ®)
Fx)=—c¢e¢

e—a

IR R TE N Uy
/G =,1aeb-ka G)k et (1 0 ) ¢ <1 ) x>0. ®)

So, the reliability R(x) and hazard rate A(x) functions are respectively

I (e ) zl_e-a[(l_eu) }

e

abk ({)k—l e_(jl_c)k <1 B e_(%)k>_(b+1) e_a<1—e—(’zc)k>

e~ 1
N [(() ) }

The rth raw moment can be derived as follow:

Alx) =

[o¢]

E(x") = fxr abk (i)k 13_(7) (1_3_(7)> ’ 1)e (1 ) dx

Ae=2 \4

Ale~@
0 -b
10 o oy b
By using poison series, e m=0———am" (1 - e'(i) ) , We get
N A K e\ —(b+1) ix —bm
E(x") = fb_ka ( 1? amf iert yri-1,=(3) (1 _e () > (1 _e @) ) dx
e = m. J
© @ —(bm+b+1)
_ bk N ED™ i [ it () (1 @ dx
L m! '
m=0 0

w Tk+j)
=07 TG0 7z |z| <1,k > 0, we get

By using the series expansion, (1 —z)* =Y

@y Wmen+1i+) —j(2)*
(= v T(bm+D+1]+)) —j(%
<1 e \ > = Xj%o b+ D+1]) © A/, and then
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bk o0 (D™ @ e T(bm + D+ 1] +))
Ake—a m - ' fx e (A) ZJ' F([b(m+1)+1]) ](

E(xT) = 2 dx

m=0

bk o (D™ F([b(m+1)+1]+]) rer () i®)"
_Ake—az m ¢ 1Z;)]!r([b(m+1)+1]) Ox i o) eI ax

m=0

bk =™ am+1 z F([bmn+1)+1]+)) xT k-1 e_(j“)(%)k dx
Aeeg—a m! 0 JET([b(m + 1) +1]) |
- 0

m=0

E(x") =

Lety = G)k = x = Ay% — dx = % y%_l dy, then
E(x")
bk e (D™ AT+ D) +1]+)) [
= Jke-a m ¢ Z(; ST+ D +1]) )

m=0

— Kh,oa)T N =™ m+ C F([b(m+1)+1]+j)oo L
= be®1 ZTa 1201_! F([b(m+1)+1]) yE e~U+DY gy

1 1
ATH1 TR oG4y % ye 1 dy

m=0

D" e ZF([b(m+1)+1]+1) r(z+1) (10)

E(x") = be®A” .
m! — J'T([b(m + 1) + 1)) G+ 1)k+1

m=0
Then, the characteristic function is
Q) = B(e™)
o it r ' e it r
= Z(lr') E(x") , since et = @) x"
=0 '

r!
r=0

o (i) (—1)mam+1zl"([b(m+1)+1]+1) F( +1)

=bet ) m T+ D+1D (4 e

m_

(lm)r o (— 1)m o T([bm+ D+ 1]+ T (g +1)
= be Z @ IZ ST+ D +1D) (4 qyert

So, the mean p and variance o2 of the of [0, 1] TFW random variable are
(11)

® 1
— — hed (Gt D F((b(m+1)+1]+)) F( +1)
u=E(x)=be )lz m ¢ 1 Z‘) JjIT([b(m+1) + 1)) (]_+1)E+1.

= E(x?) — (Ex)?

N ﬂ am+1zr([b(m+1)+1]+]) F(2+1)

m! J'T([b(m + 1) + 1]

_ bZeZaAZ
o ™ = )+ DEF

= be®)?

{ D ZF([b(m+ D+1+) I+ 1)} .
m=0 J

mi LT+ D+ (ke
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o0 (—1) gLy r( pam+)+11+) T a]
[2 =0 2 JT( b(m+1)+1])( +1)k —be
2 = bea/12| 2 |
I G I (LI GRe eel ) r( +1) I
| ™= ST+ 5+ |
x k -b
—a<1 e 7) )
Since F(x) = ==, the median M,, can be obtained as

1

Ik
N ln(2)> b B |
a

Uz —
(u2) /2

The skewness of [0, 1] TFW random variable will be sk = — BxPo3pBx" 2

(022

( m (3 " 1) 3
be@3 ¥ (-1 gLy r(bm+1)+1]+) 7T _3
m=0"ml JOJ'F([b(m+1)+1)(]+1)-+1

1
rbm+ D +11+) g+ 1)

) gm Z}. =0 T([b(m + 1) + 1)) G+ 1)E+1

2
rbm+D+11+) T (E +1)
T+ D+ID (1

3
b+ + 1+ T3+ 1)

O i +1
X = gm Zjo

) L m! J'T(b(m+ 1) +1]) G+ 1)E+1
2
( o (D" g Tbmt D414 P+
=0 m! J=0IT([b(m + 1) + 1]) G+ 1)—+1

1 bed? 1 2
o (D" g om0+ 14 P+ )
m

3o

-

be®| Y= j
L _ 0 1 J=0 i1 T([b(m+ 1) + 1]) G+ 1)%“

(12)

(13)

(14)



S. Abid, R. Abdulrazak / Int. J. Res. Ind. Eng 7(1) (2018) 106-135 112

.. .. Ex*—4uEx3+6u?Ex?-3u*
In addition, the kurtosis is kr = % 3 ==X x(az);‘ il
2

-3

4
( [([bm+ 1) + 1] +)) (+1) \

a I9) (_1)m m+
be2* Xm=o= @™ Zito J'T([b(m + 1) + 1)) G+ it

1
cqge CD" g To0m+ D11+ Mg +1)
_4{be AYm=o mi @ Zj O SIT([b(m+ 1) + 1]) (]+1)k+1

3
bea/13 Zoo (_1) am+1 ©o F([b(m + 1) + 1] +]) ( + 1)
m=0""ml J=0 I T([b(m+ 1) + 1]) G+ 1)_+1

arve D™ iive T+ +1]+) T

+6{be R R I (I TESVES 1) (/ + 1)‘“}
azve D™ cw Db+ D+1+)T

{be Yo eyl 1 =0 NT([b(m + 1) + 1)) G+ 1)_+1}
arve D™ iive T+ +1]+) T

\_3 {be R R I (I TESVESY) G+ 1)‘“}

g D™ s T(b0n+ D +1]4)) r(g+
be®A? Ym0 a™ 1 XL IT(bm+ D +1]) (1+1)E+1

1 2
pretae e CD™ nssge TQbGn4 ) #1214+ F(E+1)
T meo Tl S0 GIT(Bn+ D D v |
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4
(1 e D" iy M D 11+ P
b3e3a ~m=0m] J=0GIT([b(m+ 1) + 1)) (l+1)E+1

1
_ A ye CD™ g D(bOmt1) +1]+)) Mg+ 1)
hZela =0 ! JOGIT([b(m + 1) + 1)) G+ 1)k+1

3
G (LESIEEIES) r(z +1) 6
m=0""ml 4 2=0 G ([h(m + 1) + 1)) G+ert| e

1 2
=0 JIr(b(m + 1) +1] ) G+ 1)-+1

2
g CD™ s T+ 10+ TEFY]
=0 ! J=0GIT([b(m+ 1) + 1)) (]+1)—+1

N

v~

1 4
55 CO" gmer g TG+ 1) 4114 ) r(z +1)
R OB+ DD ([

b4e4al4<

2
‘

2
go D™ s TGt 04114 T+ 1) )
be“ m=0""ml J=0 I T([b(m + 1) + 1]) (I+1)_+1

1 2
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r(pm+D+1]+H T (4“) )
ST+ D+ID

0 -nm
b3e3a2m=0( m') am+12j 0

1
4 few (D™ mirew T+ +1140) T (E +1)
pZe7a ) Zm=0""m1 " L0 JIr([b(m + 1) + 1]) G+ D

3
GO rorge P20 111 ep PE* D], 6
Xim-o 0TI+ DD, e[ BeT

4 1 2
o (D™ e TQbnt D+ 1]+ F(E+1)
! J=0 T([b(m + 1) + 1)) (1+1)E+1

2
{ o D™ g Tlbm+ D+ 114 +1)}_3

m=0"m! JIT([b(m+ 1) +1]) (]+1)E+1
1 4
Siteo G amen i T £ D411 M+ ) 15)
en+D+1D) -, 0w
= 5 \2 —3
L s (D s Mt D+ 114+ P

bea 2m=0"mi ¢ Lo ir([h(m + D) + 1) G+

1 2
N L (S E\ L)l k)
=0 ml! =0 jiT([b(m+ 1) + 1)) (]+1)k+1

\

The quintile function x, of [0, 1] TFW random variable can be derived as

-b

0<g<1 x4>0
1 (16)

Nk
b
Xq = F(q) = /1{—111 [1 - (1 - lniq)> ]} .

So, by using the inverse transform method, we can generate [0, 1] TFW random variable as

1

Ik
follows: x = /’1{— In [1 - (1 - @) b ]} , Where u is a random number distribution uniformly in

the unit interval [0, 1].



115 [0, 1]truncated Fréchet-Weibull and Fréchet distributions

2.1. Shannon and Relative Entropies

An entropy of a random variable X is a measure of variation of the uncertainty. The Shannon
entropy of [0,1] TFW(a, b, A, k) random variable X can be found as follows:

= —f f(x) ln(f(x)) dx
0

N (T i Sa
0

Ae~a\]
o257~ (o) £ () )+ 04 ({16

+aE«}_e4%34j.

Let I, = —(k — 1E (1n (g)) ,

= (- 1) abk [P (E) (E)k_l e‘(%)k <1 - e‘(%)k>_(b+l) e_a<1_e_(l)k> dx.

k ok ~(0+1) ok ~hi
_4b4ﬂizo.amﬁqg@“zﬁ>@_a@)blg_f@>bm

i!

=t 2 52, e i (®) () e (1B

dx.

L

k>—(bi+b+1)

By using expansion series (1 —z)7% = = Y% Ff’;;’}j)) z/ |zl <1,k >0,weget

(x)k [b(i+1)+1] b De1]e) ()k
_ -3 © i+1)+1]+j z
<1 e \1 > == —'r([b(l+1)+1])e 2), and then

Il = _(k

@ (-1t o F([b(l+1)+1 +)) k=1 _mk ok
i! l+12 JIT(p(i+1)+1]) f ( )( ) € (A) € ](A) dx

(L _ w D! i1 g F(b(l+1)+1 +)) k=1 ()
- (k 1)Ae ‘12 i! l 2 JIT([b(i+1)+1]) f In ()() € (A) dx.

k 1 1
Let y = (;—C) = x = Ayk = dx = %yi_l dy, then
k-1

1
. 1
= —(k — 1) _aZOO ( :) i+1 Zoo L([b(i+1)+1]+)) f In ( )< > > e—(]+1)y %yz—ldy

JIr((p(i+1)+1])

_ == 1)be o D4t g F([b(l+1)+1 +5) (+1)y
Yito—; Xj= (b G+D+1) f In(y)e” dy.
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Since [, x5t e ™ In(x) dx = m™ST(s){¥(s) — In(m)}, where
W(1) = —In(Y)~0.5772 and Y = 0.5772 , then

_ a _ k
11 — (k—1)be loo=0( 1) l+1 ZOO r'( b(l+1)+1]+]) 1 Y + ln(] + 1)}’ and 12 =K ((f) )

k i! JIT((b(i+1)+1]) (j+1) A
x\k b
abk [ Kk xk1 _(x\* (e ‘a<1‘e_(7) )
:}Le_a f (I) (z) e (A) (1—6 (/1) ) e dx
0

o P ol (16 )
0

10 ol e
Sincee =Xz a <1—e_(71)) , then

I, = bk Z(—l)iai+1 f (E)Zk—l e_(%)k <1 B e—(%)k>_(bi+b+l) N

A

Zoo T(k+J) j

By using expansion series (1 —z)7% = O

(1 )

|z| <1,k >0, we get

= s 0

Z( 1! l+1ZF([b(l+1)+1]+]) (A)Zk 18_(j+1)(§)kdx.

K\ —(bi+b+1)
) , and then

= e IT([b(i + 1) +1])

k 1 L
Let y = G) —x =Ayk > dx = &yz_ldy
. ' 1 2k—-1
bk Z(—l)‘am zr([b(l + 1) +11+)) [ Ay -<1+1>M y& ldy
i IT([b(i+ 1) +1]) A
= 0

oD TG D D [
= be Z T 12 RN R dy
=0 0

i!
i D' i TG+ +1]+)) 1

L jIT(bG+ D+ 1D G+ D2’
and I; = (b+ 1)E <1n <1 — e_G)k))

b 2\ K -1 x\k x\K —(b+1) -a 1—e_(7)k
= —(b :el_):bkf In (1 — e_(i) ) (;)k e_(I) <1 — e_(Z) > b e < ) dx.
0

1

et y = (1 _ e-@—‘)")” —x=a[-m(1-y3)]
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A Rl -1 -1,
:dxz;[—ln(l—yb)] ————yb “dy
(1—yT)b
A 71 —11
:>dx=E[—ln(1 yb)] dy
(1-5%) ;Vb)
(b+1)abk00 -1 1 2 ) 1 —1\~(b+1) )
== | m07) ([T ) 2] (7)) e
1
A -1 1 y_Tl_l
AR
b(l—yT)

—(b + 1)ae? r

! 1
M [f ln(y) e‘“)’dy f ]n(y) e aYdy‘

I3; = fo In(y) e™* dy = {Y+ln(a)}

Since f0°° x57le™™¥ In(x) dx = m™ T (s){¥(s) — In(m)},where ¥(1) = =Y, Y =0.57721is an
Eualer constant.
Iso = [ ln(y)e‘“ydy = Z fal? S [ y™ In(y) dy = — 3% _CT_ since
32 m=0"_, m=0 1(m+1)2’
In(x) 1
- Zm=0 m! ™ and fxm In(x) dx = x™* {%_ (m+1)2}'

k\ =b
=S @) - 2 S = (-0 )

m!(m+1)2

-b

cs (1) e (1) )

T lema A

-b
x

_a<1_e‘(x)k> o i\ b
Since e =iz a' <1 ) ) , then

— xS 7 (3) 1e-(%>"<1_e—<%>

o0 F(k+]) Jj
Z JIT(k)

k\ —(bi+2b+1)
> dx.

By using expansion series (1 — z)™% =
k (bl+2b+1)
<1 - e_G) >

(=1)! i+ PG +2) + 114 )) [ ik _Gan(®)
Z ZZ TG+ 2 +1D) ) G ) ax

lz]| <1 ,k >0, weget

k
o r( b(i+2)+1]+)) ( )
= 220 PG+ D+1D , then

Iy =
Aea
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k 1 1
Let y= G) — X = Ayk — dx =%yi_1dy

k-1

I = bk Z(—l)‘aszF([b(HZ)H]+J) (yk) e_(jﬂ)y%y%_l dy
j=

IT([b(i +2)+1])

Ll D PG4 D + 14 i
= be Z a ZZ IROGEEEEY e-UDY gy

(-1t Hzi r(bi+2)+1]+)) 1
¢ TG +2)+1) G+1)

k-1 (D' TG+ D +11+) 1
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JIT(pGE+1)+1]) (G+1)

+1In(j + 1)}
SO EDE L SOTbG+ D+ 1+ 1 (b+1) ,
+be; T 12 TG+ D+1) G2 b ©
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The relative entropy or the Kullback—Leibler divergence is a measure of the difference between
two probability, distributions F; and F,. It is not symmetric in F; and F,. In applications, F;
typically represents the “true” distribution of data, observations, or a precisely calculated
theoretical distribution, while F, typically represents a theory, model, description, or
approximation of F;. Specifically, the Kullback—Leibler divergence of F, from Fj,
denoted Dk.(F;IF;), is a measure of the information gained when one revises beliefs from
the prior probability distribution F, to the posterior probability distribution F;. More exactly, it
is the amount of information that is lost when F, is used to approximate F,, defined operationally
as the expected extra number of bits required to code samples from F; using a code optimized
for F, rather than the code optimized for F;. So, the relative entropy DkI(F||F*) for a random
variable [0, 1] TFW(a, b, A, k) can be found as follows:

abie- (X)) <1 . e_(;_f)k>‘“’+1> o)

ki\ P
ek iy "BTD g o) )
aﬁklle_a(l)kl 1e_('1_1> (1—9_('1_1) ) e <

A

-b

0 _
RO
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DEI(F||F™)
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2.2. Stress —Strength Reliability

Let Y and X be the stress and strength random variables, independent of each other, follow [0,1]
TFW(a, b, A, k) and [0,1]TFW(a, B8, A1, k1) , respectively, then
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x \k1 x\k1
1 o T(B ) —ul(—
where <1—e &) ) =y, wr’(’;:) e u(3) .

3. [0, 1] Truncated Fréchet- Fréchet Distribution

We assume that g(x) = afx~¥+DExp{—ax~P}and G(x) = Exp{—ax~#} (0 < x) are PDF and
CDF of Fréchet random variable, respectively. Then, by applying the equations (6) and (7), we
get the PDF and CDF of [0, 1] TFF random variable as follows:

e—ae"‘bx_ﬁ (20)
Fo) =,
-b —ax_ﬂ -b
flx) = ab_af x~(B+D) (e‘“"_ﬁ) emale™™™) x>0
e
flx) = abap x~(B+D) gabx~F y—aetx x > 0. 21)
e @ -

So, the reliability R(x) and hazard rate A(x) functions are respectively
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The rth raw moment can be derived as follows:
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Since (x < x4) = F(xg) = —= 0<gq<1 x,>0,then the quintile function x, of [0,
1] TFF random variable can be defined as
In (1 - M) -1

a
ab

xqu_l(CI)z B

So, by using the inverse transform method, we can generate [0, 1] TFF random variable as

follows:
1

In (1 _ ln(u)) B
X = —a
ab ’

where u is a uniformly distributed random number lie in the unit interval [0,1].
3.1. Shannon and Relative Entropies

The Shannon entropy of [0, 1] TFF(a, b, a, ) random variable X can be found as follows:
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The relative entropy DkI(F||F*) for a random variable [0, 1] TFF(a, b, @, B) can be found as
follows:
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3.2. Stress-Strength Reliability

Let y and x be the stress and the strength random variables, independent of each other, follow [0,
1] TFF(a, b, , B) and[0, 1]TFF(a4, b1, a1, B1), respectively. Then
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4. Summary and Conclusions
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In statistical analysis, a lot of distributions are used to represent set(s) data. Recently, new
distributions are derived to extend some of well-known families of distributions; such
the new distributions are more flexible than the others to model real data are. The composing
of some distributions with each other's some way has been in the foreword of data
modeling. In this paper, we presented a new family of continuous distributions based on [0, 1]
truncated Fréchet distribution. [0, 1] Truncated Fréchet-Weibull ([0, 1] TFU ) and [0, 1]
Truncated Fréchet- Fréchet ([0,1 ] TFF ) distributions that were discussed as special cases.
Properties of [0, 1] TFW and [0, 1] TFF was derived. We provided forms for characteristic
function, rth raw moment, mean, variance, skewness, kurtosis, median, reliability function,
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hazard rate function, Shannon entropy function, and Relative entropy function. This paper also
dealt with the determination of stress strength reliability R = P[Y < X] when X (strength) and Y
(stress) were two independent [0, 1] TFW ([0, 1] TFF) distributions with different parameters.
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